In this paper, the stagnation-point flow and heat transfer towards a shrinking sheet in a nanofluid is considered. The nonlinear system of coupled partial differential equations was transformed and reduced to a nonlinear system of coupled ordinary differential equations, which was solved numerically using the shooting method. Numerical results were obtained for the skin friction coefficient, the local Nusselt number as well as the velocity and temperature profiles for some values of the governing parameters, namely the nanoparticle volume fraction , the shrinking parameter λ and the Prandtl number Pr. and Cu. For a particular nanoparticle, increasing the volume fraction results in an increase of the skin friction coefficient and the heat transfer rate at the surface. It is also found that solutions do not exist for larger shrinking rates and dual solutions exist when λ < −1 0. 
Introduction
Due to rapid development of modern technology, recent micro electromechanical systems (MEMS) generate an enormous amount of heat, which disturbs the normal performance of the devices and reduces reliability (Kamali * E-mail: rmn72my@yahoo.com and Binesh [1] ). Therefore, an efficient cooling system is one of the most important problems in designing MEMS components. In the recent years, considerable amounts of research and development on MEMS cooling performance and improvements in cooling capabilities have been performed. However, a large amount of this research has been lacking due to poor heat transfer properties of the conventional fluids. Therefore, industrial cooling devices using nanofluids as coolants are increasingly important for current and future heat removal applications. As di-verse industries including micro-electronics, transportation, and manufacturing become more advanced, cooling technology is one of the most important challenges. The recent discovery of nanofluids by Choi [2] , which is a new kind of fluid suspension consisting of uniformly dispersed and suspended nanometer-sized (10−50 nm) particles and fibers in the base fluid, marks the next approach as a cooling technology. This is because nanofluids exerting nano effects have special features. One such characteristic of nanofluids is the anomalous high thermal conductivity at very low concentration of nanoparticles and the considerable enhancement of forced convective heat transfer, as it was pointed out by many researchers (see, for example, Khanafer et al. [3] ). A nanofluid is a colloidal mixture of nano-sized particles (< 100 nm) in a base fluid.
It is known that nanofluids can tremendously enhance the heat transfer characteristics of the original (base) fluid. Thus, nanofluids have many applications in industry as coolants, lubricants, heat exchangers and micro-channel heat sinks. On the other hand, nanoparticles have been made of various materials such as oxide ceramics, nitride ceramics, etc. The objective in the use of nanofluids is to achieve the best possible thermal properties with the least possible (< 1%) volume fraction of nanoparticles in the base fluid. There have been many studies in the literature to better understand the mechanism behind the enhanced heat transfer characteristics. An excellent collection of papers on this topic can be found in the books by Das et al. [4] and in some review papers, for example, by Buongiorno [5] , Wang and Mujumdar [6] , and Kakaç and Pramuanjaroenkij [7] . Therefore, many investigators have studied the flow and thermal characteristics of nanofluids, both theoretically and experimentally.
In this paper, the steady stagnation-point flow towards a shrinking sheet in a nanofluid is theoretically studied. Three different types of nanoparticles, namely copper (Cu), alumina (Al 2 O 3 ) and titania (TiO 2 ) are considered. The nanofluid equations model as proposed by Tiwari and Das [8] has been used. This model has been very successfully used in several papers, such as in Oztop and AbuNada [9] , Muthtamilselvan et al. [10] , etc. However, it should be mentioned that the problems of boundary layer flows in nanofluids have been considered only in several papers and a good list of references can be found in the paper by Bachok et al. [11] . In some of these papers, the authors have considered the equation models as proposed by Buongiorno [5] , with five parameters: Prandtl number Pr, Lewis number L , Brownian diffusion parameter N , thermophoresis parameter N and buoyancy-ratio parameter N . However, the present model in this paper involves only three parameters, namely the Prandtl number, the nanoparticle volume fraction and the shrinking parameter λ. It is worth mentioning that the study of nanofluids is still at its early stage and it seems quite difficult to have a precise idea on the way the nanoparticles act in heat transfer. A clear picture on the boundary layer flows of these nanofluids is yet to emerge (Muthtamilselvan et al. [10] ). It should be mentioned to this end that for a regular fluid ( = 0), the present problem reduces to that first studied by Wang [12] and the results are in excellent agreement.
Basic equations
We consider the steady two-dimensional stagnation-point flow of a nanofluid past a stretching (or shrinking) sheet with the linear velocity ( ) = , and the velocity of the far (inviscid) flow is ( ) = , where and are constant, and is the coordinate measured along the stretching surface. The flow takes place at 0, where is the coordinate measured normal to the stretching surface. It is assumed that the constant temperature of the shrinking sheet is T and that of the ambient nanofluid is T ∞ , where T > T ∞ (heated stretching sheet). A steady uniform stress leading to equal and opposite forces is applied along the -axis so that the sheet is stretched keeping to fixed origin. The basic steady conservation of mass, momentum and energy equations for a nanofluid in Cartesian coordinates and are (see Tiwari and Das [8] )
subject to the boundary conditions
Here and are the velocity components along the and axes, respectively, T is the temperature of the nanofluid, is the fluid pressure, α is the thermal diffusivity of the nanofluid, ρ is the effective density of the nanofluid, and µ is the effective viscosity of the nanofluid, which are given by (see Oztop and Abu-Nada [9] )
where φ is the solid volume fraction of the nanofluid or the nanoparticle volume fraction, ρ is the reference density of the fluid fraction, ρ is the reference density of the solid fraction, µ is the viscosity of the fluid fraction, is the effective thermal conductivity of the nanofluid, is the thermal conductivity of the fluid, is the thermal conductivity of the solid, and (ρC ) is the heat capacity of the nanofluid. We look for a similarity solution of Eqs. (1)- (4) with the boundary conditions (5) of the following form:
where ν is the kinematic viscosity of the fluid and the stream function ψ is defined in the usual way as = ∂ψ ∂ and = − ∂ψ ∂ , which identically satisfy Eq. (1). On substituting (6) and (7) into Eqs. (2)- (4), we obtain the following nonlinear ordinary differential equations:
where primes denote differentiation with respect to η, Pr = ν α is the Prandtl number and λ = is the stretching parameter when λ > 0 and a shrinking parameter when λ < 0. The pressure can be determined from Eq. (3) as
where 0 is the stagnation pressure. It is worth mentioning that Eqs. (8) and (9) reduce to those first derived by Wang [12] when the nanoparticle volume fraction parameter = 0 (regular Newtonian fluid), and Pr = 1. The quantities of practical interest in this study are the skin friction coefficient at the surface of the stretching or shrinking sheet C and the local Nusselt number N , which can easily shown to be given by
where
is the local Reynolds number.
Results and discussion
The nonlinear ordinary differential equations (8) and (9) subject to the boundary conditions (10) are solved numerically using the shooting method. Following Oztop and Abu-Nada [9] , we considered the range of nanoparticle volume fraction to be 0 φ 0 2. The Prandtl numbers Pr considered in this study are Pr = 1 and Pr = 6 2 (water-based nanofluid). Further, it should also be pointed out that the thermophysical properties of fluid and nanoparticles (Cu, Al 2 O 3 , TiO 2 ) used in this study are given in Table 1 . On the other hand, it is worth mentioning that the present study reduces to regular (Newtonian) fluid when φ = 0. Therefore, in order to validate the present numerical method used, we have compared our results with those obtained by Wang [12] for various values of the stretching parameter (λ > 0), λ = 0, and shrinking parameter (λ < 0) when φ = 0 (regular fluid) and Pr = 1 as shown in Tables 2 to 5. Tables 2 and 3 Tables 4 and 5 present the values of the local Nusselt number Re The comparisons with Wang [12] are found to be in excellent agreement. Therefore, the present numerical solution is further validated, so that we are confident our results are accurate. Besides the comparison with Wang [12] , Tables 2 to 5 2 ) when φ = 0 0 1 0 2. Results given in the parentheses () are the second (dual) solutions. It is found that dual solutions exist for λ < −1, up to a certain critical value of λ, say λ , beyond which the boundary layer separates from the surface, thus no solution is obtained. In this study, the value of λ is found to be λ = 1 2465, which is consistent with the value obtained in Wang [12] for φ = 0 (regular Newtonian fluid). It is also shown in Tables 3 and 5 that for a particular nanoparticle, say Cu, as the nanoparticle volume fraction increases, the skin friction coefficient and the local Nusselt number also increase. On the other hand, for a fixed value of , say φ = 0 1, the skin friction is highest for nanoparticle Cu (nanoparticle with high density), followed by TiO 2 the upper (first) and lower (second) branch solutions in the following discussion by how they appear in Figs. 1 to 4, i.e. the upper branch solution has higher values for a given λ than the lower branch solution: We expect that the upper branch solution is stable, while the lower branch solution is not, since the upper branch is the only solution for the case λ −1. It is also worth mentioning that, according to the studies on stability analysis by Weidman et al. [13] , the first solution is physically realizable (stable), while the second solution is not physically realizable (unstable). However, the stability analysis is beyond the scope of the present paper. On the other hand, as shown in Figs. 1 and 3 , the value of Re 1 2 C is zero when λ = 1 for all values of or nanoparticles considered. This is not surprising since for this case when λ = 1, the fluid and the solid surface move with the same velocity, thus no friction is produced. the temperature profile for Cu is lower. This is consistent with the variation of the reduced skin friction coefficient (0) which is highest for Cu and the variation of the temperature gradient or heat transfer rate −θ (0) which is highest for TiO 2 . Therefore, it is found that nanoparticles with low thermal conductivity, TiO 2 , have better enhance- From Fig. 7 , it is shown that as increases, the velocity profile also increases. However, from Fig. 8 , it is shown that as increases, the temperature profile decreases. In all of these figures, i.e. Figs. 5 to 8, the samples of velocity and temperature profiles for the second (dual) solutions are also presented. There are two different profiles for a particular value of when Pr = 1 and λ = −1 2. These velocity and temperature profiles support the existence of dual nature of the solutions presented in Figs. 1 to 4 . It is seen that the lower branch solutions have larger boundary layer thickness compared to the upper branch solutions. These profiles satisfy the far field boundary conditions (10) asymptotically, which support the numerical results obtained and thus, cannot be neglected mathematically. Figures 9 and 10 show the effects of Pr = 1 and Pr = 6 2 on the temperature profiles for various nanoparticles and various solid volume fraction of the nanofluid φ respectively. It is shown in these figures that the magnitude of the velocity gradient at the surface is higher for higher value of Pr. Thus the heat transfer rate at the surface is observed to increase as Pr increases. It is also found that as Pr increases, the thermal boundary layer thickness decreases. Physically, if Pr increases, the thermal diffusivity decreases and this phenomenon leads to the decreasing ability of energy transfer that reduces the thermal boundary layer. Finally, Figs. 11 and 12 display the velocity and temperature profiles, respectively, of the shrinking 
Conclusions
We have theoretically and numerically studied the problem of steady two-dimensional laminar stagnation-point flow towards a shrinking sheet in a nanofluid. The governing partial differential equations are transformed to a set of two nonlinear ordinary differential equations via the similarity transformation, before being solved numerically by the shooting method. Numerical results are obtained for the skin friction coefficient, the local Nusselt number as well as the velocity and temperature profiles for some values of the governing parameters, namely the nanoparticle volume fraction φ(0 φ 0 2), the shrinking parameter λ and the Prandtl number Pr. It was found that nanoparticles with low thermal conductivity (TiO 2 ) have better enhancement on heat transfer compared to Al 2 O 3 and Cu. For a particular nanoparticle, increasing the nanoparticle volume fraction φ is to increase the skin friction coefficient and the heat transfer rate at the surface. It is also found that solutions do not exist for larger shrinking rates and dual solutions exist when λ < −1 0 for both a regular fluid (φ = 0) and for a nanofluid (φ = 0). It is worth mentioning to this end that such shrinking sheet problems for a regular fluid ( = 0) have been considered by Fang et al. [14] and Hayat et al. [15] , among others. It is also worth pointing out that the present problem can be studied analytically via analytical methods.
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